Abstract. We study Legendrian singular links up to contact isotopy. Using a special property of the singular points, we can define the singular connected sum of Legendrian singular links. This concept is a generalization of the connected sum and can be interpreted as a kind of tangle replacement. This method provides a way to classify Legendrian singular links.
Introduction
A Legendrian singular link of degree m with n-component is the image of an immersion of n-copies of S 1 into S 3 whose tangent vectors are contained in the contact structure (S 3 , ξ std ) which has m transverse double points as its only singularities. Legendrian singular links are discussed in [FT, T] as a theme of Vassiliev type invariants, and appeared in [Ch] to give an algorithm for producing possible Lagrangian projections of Legendrian knots. To the best of the authors' knowledge, Legendrian singular links have not yet been studied in their own right.
The h-principle [EM, §16.1] says that the study of Legendrian singular links up to Legendrian regular homotopy reduces to a homotopic theoretic question, thus there can be no interesting phenomena from the perspective of contact topology. We instead study Legendrian singular links up to (ambient) contact isotopy, which preserves transversality 1 and the Legendrian property at each singular point. The degree of a given Legendrian singular link can be reduced via resolutions The goal of this article is twofold. First, we investigate various invariants for LSK including Thurston-Bennequin number, rotation number, and the resolutions with supporting examples and argue that LSK is not a straightforward combination of LK and SK. The other is to develop a useful tool, called singular connected sum, and show that it distinguishes a particular pair of Legendrian singular links that can not be distinguished in LK under any resolution or in SK under · .
The above two goals are deeply related to a special property of the singular points of Legendrian singular links. Specifically, through contact isotopy, one can keep track of the relative position of two tangent vectors at each singular point by the co-orientation of the contact structure ξ std on S 3 . This allows to define an order at each singular point which is equivariant under contact isotopy.
Moreover this property enables us to define the notion of connected sum at singular points. We define a singular connected sum (L 1 , p 1 )⊗(L 2 , p 2 ) by simultaneously performing connected sums on two pairs of arcs near singular points p i of L i . Theorem 1.1. For a given pair of Legendrian singular links L 1 , L 2 with singular points p 1 , p 2 , the singular connected sum (L 1 , p 1 ) ⊗ (L 2 , p 2 ) is well-defined. Theorem 1.2. Let L be a Legendrian singular link and S be a separating sphere for L inducing a decomposition L = (L 1 , p 1 ) ⊗ (L 2 , p 2 ). Then this decomposition is well-defined up to order-preserving contact isotopy of S with respect to L.
1 This is not to be confused with the transverse knots. Here 'transverse' means that the two tangent vectors at the singular point span the contact plane at that point.
2 Sometimes called 'smoothing' in the literature.
There are rigid phenomena in terms of the singular connected sum and the decomposition which will be discussed in a subsequent paper. It is worth remarking that neither the singular connected sum nor the decomposition are well-defined in SK. See §4 for the details.
On the other hand, a singular connected sum is the same as the replacement of a singular point p 1 ∈ L 1 with a specific singular Legendrian tangle obtained from (L 2 , p 2 ), and vice versa. Indeed, the idea of Legendrian tangles and their replacement is already discussed in the literature including [NT, MS, S] , although their approaches are slightly different from ours. There is a diagrammatic interpretation of the singular connected sum as well, which allows us to handle the operation in a convenient way. This interpretation is related to the vertical cut of the front projection, discussed in [S] .
As an application of the singular connected sum, we have the following theorem which implies that LSK is more than the pull-back of LK and SK in the commutative diagram above. Theorem 1.3. There exist two Legendrian singular links sharing all classical invariants, Legendrian link types of all resolutions, and invariants from the orders, which are not contact isotopic to one another.
For a given L ∈ LSK of degree k one can obtain a double D(L), a Legendrian link in # k−1 (S 2 ×S 1 ), by a multiple singular connected sum of L with itself. Thanks to the work of [EN] we can assign a Legendrian contact homology algebra of D(L) to L, as an algebraic invariant of L.
Furthermore, the resolutions can be regarded as special cases of tangle replacements, and each resolution has a unique inverse operation, called a splicing, under certain splitting conditions. These splicings provide full descriptions of Legendrian singular links with certain singular link types. See Theorem 6.2 and Corollary 6.3.
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Preliminaries

Legendrian singular links in S
3 . Throughout this paper, we regard S 3 as the unit sphere in C 2 . Then the standard contact structure ξ std on S 3 is given by ξ std = ker λ std ;
where z = r 1 e iθ1 = x 1 + iy 1 , w = r 2 e iθ2 = x 2 + iy 2 . For convenience's sake, we frequently consider S 3 = R 3 ∪ {∞} as the one-point compactification of R 3 with two contact structures ξ rot and ξ 0 which are contactomorphic and defined as follows.
From now on, we assume that the contact structure on S 3 is always co-oriented by λ std .
We define Legendrian singular links and describe its relation to known knot theories. All types of links we will consider in this article are oriented unless otherwise stated.
Let nS 1 be a disjoint union
A link K with ncomponents is the oriented image of a smooth embedding nS 1 → S 3 , and a singular link K s of degree m is a link defined by using an immersion instead of an embedding with precisely m transverse double points, called singular points. We denote the set of singular points by P(K s ). Now we endow S 3 with the standard contact structure ξ std described above. A Legendrian link L is a link with every tangent vector lying in the contact structure ξ std , and a Legendrian singular link L s is a singular link with the same tangency condition.
We say that two (Legendrian) links K 0 , K 1 are equivalent if there exists a (contact) ambient isotopy h t : S 3 → S 3 such that h 0 is the identity and h 1 (K 0 ) = K 1 . We call the equivalence class a (Legendrian) link type. We denote by K (LK) and SK (LSK) the collections of (Legendrian) link types and (Legendrian) singular link types, respectively.
For K s ∈ SK, we denote by L(K s ) the set of all Legendrian singular links of singular link type K s . Conversely, we denote by L s singular link type of L s .
Projections.
Since any Legendrian isotopy of a Legendrian immersion can be assumed not to touch a designated point ∞ in S 3 , we may assume that Legendrian singular links lie in (R 3 , ξ 0 ) as usual for LK. The front projection π F and Lagrangian projection π L are defined as the projections of (R 3 , ξ 0 ) onto the xz-plane and xy-plane, respectively, as follows.
Note that we are able to recover L from π L (L) or π F (L) by using the Legendrian condition, and the projections near p ∈ P(L) look like ' ' in the Lagrangian projection and ' ' in the front projection. See Figure 1 . For each singular point, we indicate a dot to avoid confusion with ordinary double points (crossings) in both the front and Lagrangian projections. We assume further that every nontransversal double point p in D is parameterized like one of front projections depicted above. Then it is easy to see that any diagram D can be realized by π F (L) for some L ∈ LSK and vice versa. Therefore we do not distinguish a front projection and a diagram unless any ambiguity occurs.
A diagram D is said to be regular if D has no triple (or more) point, and none of its double points is a cusp. Note that in all possible diagrams, the set of regular diagrams are dense, and therefore for any L ∈ LSK, we may assume that the front projection π F (L) is regular by perturbing L slightly. Non-regular examples are shown in Figure 2 . Moreover, for a given contact isotopy φ t starting with L, the 1-parameter family
, is regular for all but finitely many t's. Let {t 1 , . . . , t k } be the set of such t's such that at each t i , there is exactly one point in D ti violating the regularity. Then during t i < t < t i+1 for each i, the variance of D t can be regarded as the result under a plane isotopy on R xz , which does not produce the vertical tangency. On the other hand, the diagrams D ti− and D ti+ for a small > 0 essentially differ by (a composite of) the Reidemeister moves depicted in Figure 3 .
This follows from a result about Legendrian graphs in [BI] by regarding L as a Legendrian graph which has 4-valent vertices only and satisfies certain tangency conditions at each vertex. Conversely, at each vertex of valency 4, there is a canonical way to smooth edges and obtain two transverse arcs. Hence there is essentially no difference between Legendrian singular links and Legendrian 4-valent graphs. Note that the moves in Figure 3 are slightly different from those in [BI] because we do not allow cusps to be double points. Proof. We refer to the result for Legendrian graphs in [BI] . Then two types of moves in [BI, Figure 9] involve the forbidden front projection as shown in Figure 4 . We call these moves forbidden moves. Note that (VI * ) is a composition of (VI) and (IV * ) for each * ∈ {a, b}. Hence we need not consider the moves (VI * ). Then we have the following lemmas which are easy observations whose proofs we omit.
−→ D be a sequence of diagrams connected by a forbidden move F ∈ {(IV a ), (IV b )} at singular points p and a regular move R ∈ {(I), . . . , (VI)}. Suppose D is regular near p. Then D is non-regular near p, and R • F is F • R.
Then there is a sequence R of Reidemeister moves {(I), . . . , (VI), (IV a ), (IV b )}, which transforms D 1 into D 2 . We use the induction on the number of forbidden moves in R.
Let F 1 be the first occurrence of a forbidden move in R involving a singular point p. Then since both D 1 and D 2 are regular near p, there must be another occurrence of a forbidden move at p in R after F 1 . Let F 2 be the second one. Then by definition, there is no move involving a singular point p between F 1 and F 2 in R. Therefore by Lemma 2.2 (3) and 2.3, F 1 moves forward in R until it meets F 2 . Then by Lemma 2.2 (1) or (2), they are cancelled or become a regular move (IV). Hence the number of forbidden moves decreases by 2, and the proposition follows by induction.
2.3. Resolutions. In SK, a resolution is the standard way to reduce the number of singular points, and eventually to obtain nonsingular links. By virtue of Proposition 2.1, links in LSK are described diagrammatically, and so are resolutions as follows. Figure 5 .
The well-definedness for all R η under ambient isotopy also follows from the fact that the push-forwards of each Reidemeister move (I) ∼ (VI) along any resolution R η are reduced to (sequences of) Reidemeister moves (I) ∼ (III). Therefore R η does not depend on the diagram but only on the LSK type.
Since the resolutions R ± and R 0 are local replacement of oriented diagrams, the order of taking these resolutions does not matter. Note that R ± preserves the number of components but R 0 increases or decreases the number of components by 1. On the other hand, R ∞ does not induce an orientation and that it may preserve the number of components or decrease it by 1.
Let R(L) ⊂ LK be the set of full resolutions consisting of Legendrian nonsingular links obtained from L by resolving all singular points via 3-ways R ± and R 0 . Indeed R(L) is indexed by I = {f : P(L) → {0, +, −}}.
2.4.
Stabilizations and classical invariants. For L ∈ LSK and a nonsingular point p ∈ L \ P(L), the positive and negative stabilizations S ± (L, p) of L at p are Legendrian singular links S ± (L, p) defined by the diagram replacement in the front projection as Figure 6 . Note that S ± (L, p) = L by definition. On the contrary, it is not true that any two Legendrian singular links sharing the same singular link type can be connected by a sequence of positive and negative stabilizations in general. The corresponding result for LSK will be given in Proposition 3.6.
For L ∈ LSK, there are two classical invariants, which are generalizations of those in LK (see [E] ), and can be used to separate LSK as follows. For convenience sake, we label the components of L as L 1 , . . . , L n . The total Thurston-Bennequin number tb(L) measures the twisting of the contact structure along L, such that tb(L) is a linking number lk(L, L + ) with the positive push-off L + , and therefore is invariant under contact isotopy. Indeed, each singular point of L contributes 1 or −1 to tb(L) according to the orientation. Practically, it can be computed from π F (L) as
Moreover, one can consider the Thurston-Bennequin number for each component
It is easy to check that
Now we fix the trivialization of the contact structure (R 3 , ξ 0 ) given by the Lagrangian projection. Then the componentwise rotation number
We also define the total rotation number r(L) by the sum of r(L i )'s. Then it is easy to check that
and for η ∈ {0, +, −},
A hierarchy of invariants
3.1. Legendrian simplicity. Recall that a nonsingular knot K ∈ K is Legendrian simple if L(K) are classified by tb and r, and there are several knot types which are Legendrian simple. For example, the unknot, torus knots, the figure-8 knot 4 1 , and so on are Legendrian simple [EF, EH1] . For both singular and nonsingular links, it is natural to consider tb and r, which are finer than tb and r. Moreover, we can extend the notion of Legendrian simplicity as follows.
Definition 3.1. Let I be a set of invariants of LSK, and K ∈ SK. We say that K is I-simple if Legendrian singular links in L(K) are classified by the invariants in I.
Then by definition, any Legendrian simple knot is {tb, r}-simple, and any split link with Legendrian simple components is not {tb, r} but {tb, r}-simple.
The stabilizations S ± , defined in the previous section, obviously depend on where the kinks will be attached. However in LSK, neither tb nor r have sufficient information to know that. A typical example, which is {tb, r}-nonsimple, is the simplest singular knot K 0 of degree 1 with the singular point 0. Let L 0 ∈ L(K 0 ) be the simplest Legendrian singular knot as follows.
Then two stabilizations at the marked points p and q in L 0 shown in Figure 7 are distinguished by {tb, r} after 0-resolution, but never distinguished as they are. Note that this phenomena does not occur in LK.
Therefore it is natural to consider tb and r for all possible resolutions R(L), that is, {tb(R), r(R)}. If the link types R(L) of resolutions of L are nonsimple, however, {tb(R), r(R)} can not capture the whole Legendrian information of L. So one could consider the set of Legendrian link types R(L) as invariants. Note that R is the strongest among all invariants mentioned above, since all nonsingular links are tautologically {R}-simple.
At first glance, all Legendrian link types in R(L) together with the singular link type L seem to recover L itself, but this is not true. For example, we will prove later that K 0 is {R}-nonsimple.
3.2. Orders, markings, and flips. We discuss the distinctive properties of the singular points of Legendrian singular links. The standard sphere S std ⊂ R 3 is defined by
in cylindrical coordinates. 4 We denote by B std the inside of S std , and call it the standard 3-ball.
Lemma 3.2. Let L ∈ LSK and p ∈ P(L). There exists a neighborhood B p ⊂ (S 3 , ξ std ) of p and a contactomorphism φ p between pairs of contact 3-balls with co-orientation and oriented arcs such that
where I x = B std ∩ (x-axis), and I y = B std ∩ (y-axis).
Proof. By the Darboux theorem [Ge, Theorem 2.5.1], there exists a neighborhood
3 is a singular point. We may assume that V ∩ φ 0 (L) is connected by choosing a small U .
We now parametrize V ∩ φ 0 (L) into two curves γ 1 (t) = (r 1 (t), θ 1 (t), z 1 (t)), and γ 2 (t) = (r 2 (t), θ 2 (t), z 2 (t)), − ≤ t ≤ which match the orientation of φ 0 (L) with the following conditions:
( (2) and (4) are guaranteed by taking a sufficiently small neighborhood U of p and condition (3) is possible by the rotational symmetry of the contact structure ξ rot . Note that conditions (2) and (3) determine the choice of γ 1 and γ 2 . There is a Legendrian singular isotopy h s , s ∈ [0, 1] which satisfies
and hence sends γ 1 (t) to (r 1 (t), 0, 0) and γ 2 (t) to (r 2 (t), π 2 , 0) simultaneously. Let φ 1 be a contact isotopy of (R 3 , ξ rot ) which realizes h t . Then we may assume that
We call B p a standard neighborhood of p and identify it with B std via φ p . Then S std ∩ L consists of {0 x , 0 y , −0 x , −0 y }, where 0 x and 0 y are the unit vectors along x and y-axes. We simply denote φ
by ±p x , ±p y , which we collectively call the nearby points at p. Notice that the nearby points are well-defined up to reparametrization of L, which can be regarded as isotopy on the domain nS 1 of L and thus safely ignored. Since the contact structure ξ std is co-oriented, any co-orientation preserving con-
gives bijections between not only singular points but also nearby points up to contact isotopy. That is,
During the contact isotopy, the local shape ' ' at each singular point in the Lagrangian projection can be translated and rotated, but never flipped as ' ' since our contact structure (R 3 , ξ 0 ) is tight. Hence there is an obvious correspondence between singular points, and ordered nearby points as well. This implies the equivariance of σ as above.
In general, we can define the equivariant order for a singular point of a Legendrian singular link in any co-oriented contact 3-manifold (M, ξ) .
Notice that σ(L, p) is well-defined only for L ∈ LSK because there is no constraint on the tangent plane at p ∈ P(L) in SK and so it can be flipped freely. Consequently, the order σ is a property exclusive to LSK.
We extend the concept of the order at singular points to arcs in Legendrian singular links.
Definition 3.4. Let L ∈ LSK and γ : (I, ∂I) → (L, P(L)) be an oriented arc which is piecewise smooth and injective except at P(L). A marking m(γ) of γ on L is a sequence of nearby points in L that γ meets.
Note that the marking m itself is also equivariant under co-orientation preserving contactomorphism φ as follows:
Hence for any invariant f on LSK, we can consider the enhanced invariant f m with marking m, which may use the information from the marking m. For example, the results of enhanced full resolutions are Legendrian links with labels on each component.
In general, the marking gives an obstruction for the given arc to be the same as another arc via contact isotopy, which will be discussed in §3.3.
is a diagram replacement of the front projection depicted as in Figure 9 .
Note that not all diagrams have a local picture as depicted in Figure 9 so a flip is not always applicable. Moreover, it preserves the singular link type and resolutions and commutes with S ± . That is,
and see Figure 10 for example.
Another simple but important observation is that σ(L, p) is not equivariant under F l in general, so it may not be realized by a Legendrian isotopy. Therefore the flip can not be replaced with ±-(de)stabilizations since S ± preserves σ, and we have a singular version of Lemma 2.5.
can be connected by a sequence of S ± and F l. Indeed, at most one flip for each singular point is necessary.
Proof. Since L 1 and L 2 have the same topological type, there is a smooth isotopy φ t between L 1 and L 2 . Consider 1-parameter family π F (φ t (L 1 )) of diagrams as before. Then by definition, both ends are regular but being regular fails for almost all t because the front projection at singular point depicted in Figure 1 is never generic 5 This move has been discussed before. Indeed the flip F l is the Legendrian horizontal flype in Figure 10 . Resolutions and flip moves in the smooth setting. However, we avoid this anomalous situation by relaxing the definition of regularity of the front projection as follows.
Let v 1 , v 2 be two tangential vectors at p ∈ P(L 1 ). Then the plane generated by v i 's may rotate during the isotopy φ t . For the notational convenience, we introduce a function 2 is simply connected, we may perturb φ t so that γ p (t) intersects S 1 xy at most once at t(p) ∈ (0, 1) for each p ∈ P(L). Let {t 1 , . . . , t k } ⊂ I be the finite subset such that π F (φ t (L 1 )) is not almost regular near p i at t i . Then for each interval (t i−1 , t i ) we can find a diagram D i by projecting tangential vectors (φ t ) * (v i ) to the contact plane ξ std at φ t (p i ) so that D i is regular near φ t (p i ). Moreover, D i+1 is obtained from D i by performing one flip move at φ t (p i ) possibly with ±-(de)stabilizations at the nearby points.
Recall that all other kinds of failures of regularity correspond to S ± together with Reidemeister moves depicted in Figure 3 . 
Hence the obstructions obtained in this way are related with more intrinsic structures of Legendrian or smooth link types, such as, switchability and invertibility for both smooth and Legendrian links.
Example 1 (Topological non-switchability). Let L ∈ LK be a Legendrian knot with L different from the unknot, and L 1 , L 2 be Legendrian singular knots of degree 1 with p ∈ P(L 1 ), q ∈ P(L 2 ) as in Figure 12 . One can directly check that
Figure 12. Positive and negative singular stabilizations Let γ 1 , γ 2 be arcs in L 1 starting and ending at p which satisfy
Then R(γ 1 ) and R(γ 2 ) correspond to the unknot and L in R 0 (L 1 , p), respectively. But in R 0 (L 2 , q) the corresponding components are switched. Therefore L 1 and L 2 are different Legendrian singular knots in LSK, and never connected by stabilizations because both stabilizations S ± commute with the 0-resolution R 0 . Hence one flip is necessary to connected them in L( L 1 ) by Proposition 3.6.
Example 2 (Legendrian non-switchability). Let us provide another pair of Legendrian singular knots of degree 1, (L a , p), (L b , q) depicted in Figure 13 . It is easily checked that they are differ by exactly one flip move, and so
where L7a6 is a link in the Thistlethwaite link table.
Suppose L a = L b via a contact isotopy φ t in LSK. Let γ 1 , γ 2 be arcs in L a starting and ending at p satisfying that m(γ 1 ) = (p y , −p x ) and m(γ 2 ) = (p x , −p y ). Figure 14 shows two components of both R 0 (L a , p) and R 0 (L b , q), determined by the markings m(γ i ) and m(φ 1 (γ i )), respectively. Note that m(φ(γ 1 )) = (q y , −q x ) and m(φ(γ 2 )) = (q x , −q y ).
Hence, φ 1 must switch the components as shown in Figure 14 , and the link type R 0 (L a , p) = L7a6 is topologically switchable. However R 0 (L a , p) is not Legendrian switchable, i.e., there is no Legendrian isotopy interchanging its components, see [Cho] . Therefore this contradiction implies that L a = L b in LSK. Example 3 (Legendrian non-invertibility). Since there is no canonical orientation of R ∞ , it seems less natural compared to the other three resolutions. However, by using the aid of marking, there is a way for assigning an orientation consistently as follows. For L ∈ LSK and p ∈ P(L), the ∞-resolution R ∞ (L, p) at p is a modification such as p x and p y (or −p x and −p y ) are joined by an arc. Hence by the equivariance of marking, we may assign an orientation near p as from p x to p y , or the opposite way. It is easy to check that this assignment defines an orientation on R ∞ (L, p) no matter how the arcs passing through p are joined in L globally. This is the enhancement R m ∞ of the ∞-resolution R ∞ . There exists a pair of examples which can be distinguished by R m ∞ but not by the classical invariants and R η , η ∈ {+, −, 0} as follows. Let (L c , p) and (L d , q) be Legendrian singular knots of degree one as depicted in Figure 15 .
Since L d can be obtained by one negative flip move as before, one can check that 
Therefore, they are same as Legendrian links, and the enhanced 0-resolution R m 0 is not useful for this pair.
As mentioned above, the enhanced
can be considered as oriented Legendrian knots, whose orientations are given by arcs from p x to p y and q x to q y , respectively. More precisely, we have
where µ(7 2 ) is a topological mirror of 7 2 knot, and L(µ(7 2 )) looks like as follows.
It is known that L(µ(7 2 )) is Legendrian non-invertible
6
, that is, L(µ(7 2 )) and −L(µ(7 2 )) are not same in LK. Moreover, their stabilizations are pairwise different as well [Cho] , and so
Therefore L c = L d in LSK, and this means that the enhanced resolutions are strictly stronger than the Legendrian switchabilities of resolutions as obstructions.
Remark 3.8. Topological non-invertibility can be used to produce another distinct pairs in LSK. Then as Example 1, the resulting pairs are not connected by a sequence of stabilizations.
Example 4. In Example 1, 2 and 3, we heavily use the properties of link types, such as switchability and invertibility. But there still exist subtle phenomena which are not captured by any invariant defined above. Let L e be the Legendrian singular knot described in Figure 16 with p ∈ P(L e ). One can readily check that L e and −L e share the all the invariants defined above. In order to distinguish them we need a certain preparation, a singular connected sum or a tangle sum near the singular point. We will come back to this example when we are ready.
Singular connected sum and decomposition
The main content of this section is to define a singular connected sum of two Legendrian singular links as a generalization of the connected sum of two Legendrian links.
4.1. Singular connected sum. For a given L ∈ LSK and p ∈ P(L), we have the local standard neighborhood B p of p with a contactomorphism φ L,p as in Lemma 3.2.
Let (L 1 , p) and (L 2 , q) be pairs of Legendrian singular links and singular points, and let B p and B q be standard neighborhoods. We define φ : ∂B p → ∂B q as the composition of three diffeomorphisms
where − xy (x, y, z) = (−x, −y, z) is π-rotation along the z-axis
7
. Hence φ maps nearby points of p to those of q as φ : (p x , p y , −p x , −p y ) → (−q x , −q y , q x , q y ).
Then the connected sum of two (S 3 , ξ std ) can be defined by using the gluing map φ. To give an orientation on the connected sum S 3 #S 3 , it is necessary that either φ L1,p or φ L2,q is orientation-reversing. Then φ is an orientation-reversing diffeomorphism. Note that φ gives an orientation-reversing isomorphism on the oriented characteristic foliations (∂B p ) ξ std and (∂B q ) ξ std . Then by Colin's gluing theorem [Co] the resulting manifold is again (S 3 , ξ std ).
Proof of Theorem 1.1. Notice that the only possible ambiguities occur when we choose standard neighborhoods. If there are two standard neighborhoods, then we may assume that one contains the other. However, the complementary region is diffeomorphic to S 2 × [0, 1] whose contact structure is determined uniquely by the characteristic foliations at boundaries up to contact isotopy [Ge, Theorem 4.9.4] . Hence all standard neighborhoods are contact isotopic in S 3 .
When p ∈ L 1 and q ∈ L 2 are non-singular, the standard neighborhoods B p and B q can be identified with (B std , I x ). Then the above gluing homeomorphism φ : ∂B p → ∂B q recovers the usual connected sum (L 1 , p)#(L 2 , q) discussed in [EH2] . Roughly speaking, the singular connected sum looks like usual connected sums of two pairs of components simultaneously.
Recall that a Legendrian unknot L is the identity of the connected sum operation. The following plays a role of the identity under the singular connected sum.
Alternatively, since each axis represents the Legendrian unknot L in S 3 , L is a union of 2 copies of L with 2 singular points {0, ∞}, as depicted in Figure 17 . Since (S 3 , L ) is obtained by gluing two copies of (B std , I x ∪ I y ), it is the identity under the singular connected sum. Note that since L has rotational symmetry, it has a unique choice of orientation up to isotopy. 
Recall the gluing map φ defined by φ(±p * ) = ∓q * , which uses the π-rotation about z-axis and the only option resulting in a canonical orientation of (L 1 , p) ⊗ (L 2 , q). However, if we relax the condition about the induced orientation, there are 3 more options φ 0 , φ + and φ − to glue nearby points of L 1 and L 2 , where φ 0 uses 0-rotation and φ ± uses the ±π/2-rotation about z-axis, respectively. In other words,
Then for η ∈ {+, −, 0}, we define the η-unoriented singular connected sum (L 1 , p) ⊗ η (L 2 , q) by using φ η as follows.
It is obvious that as unoriented Legendrian links
where |L| and −L are obtained by forgetting and reversing orientations of L, respectively. Therefore ⊗ 0 is commutative. However, neither ⊗ + nor ⊗ − is commutative. Instead, we have
Indeed, when one of L i 's is the same as its reverse, then both ⊗ ± are the same and commutative on the L i 's. The ∞-resolution is a typical example.
4.3. Singular connected sum decomposition. Recall the standard sphere S std defined by the equation r 4 + 4z 2 = 1. The characteristic foliation (S std ) ξrot given by α rot looks as depicted in Figure 18 . A separating sphere S of L is a sphere in S 3 such that
(1) an oriented characteristic foliation S ξ std has exactly two elliptic singular points e + and e − (such a characteristic foliation is called standard); (2) S intersects L transversely at four points; (3) each intersection in S ∩ L lies in a distinct leaf of S ξ std . Then there is a projection map τ : S \ {e + , e − } → S 1 along the leaves which allows us to define the following. A contact isotopy H t is order-preserving on S with respect to L if H t (S) is a separating sphere of L for each t.
Then we have the following lemma which is an analogue of Lemma 3.2.
Lemma 4.4. Let L ∈ LSK and S be a separating sphere of L. Then there exists a neighborhood N (S) ⊂ S 3 of S and a contactomorphism φ S of pairs such that
Moreover φ S (S) and S std are order-preserving contact isotopic with respect to φ S (L).
Proof. Since S is convex, there is a neighborhood N 0 (S) ⊂ S 3 and contactomorphism φ 0 : N 0 (S) → R 3 \ {0}, where φ 0 (S) = S std . Now consider φ 0 (L) as a parametrized curve (r(t), θ(t), z(t)) with respect to the cylindrical coordinate. Then we can perturb L slightly to obtain r = 0 on S std ∩ L. Therefore there is a small enough > 0 such that on
We identify S std × (− , ) with R 3 \ {0} via φ. Then the image (φ 1 • φ 0 )(L) of L is a union of four arcs which are strictly increasing in the radial directions, and by the same isotopies as in the proof of Lemma 3.2, they can be isotoped to I x ∪ I y \ {0} via H t . Then by the choice of , the order σ(H t ((φ 1 • φ 0 )(L)), S std ) is well-defined for all t, and we can let φ 2 = H 1 .
We define N (S) as φ −1 0 (S std × (− , )), and φ S as φ 2 • φ 1 • φ 0 . Then N (S) and φ S are the desired neighborhood and contactomorphism.
We consider a decomposition for L ∈ LSK which is an inverse of the singular connected sum. At first, suppose a separating sphere S of L is given. If we assign + or − for each point in S ∩ L according to the orientation of L, then the sign of σ cyc (L, S) is either (+, +, −, −) or (+, −, +, −) 8 up to cyclic permutations. However, the latter case (+, −, +, −) is not the configuration we want because a singular connected sum never gives this kind of order.
We define a non-cyclic order σ(L, S) by a representative of σ cyc (L, S) whose signs realize (+, +, −, −), when it is possible. Note that this sign configuration coincides with Definition 3.3. Now we consider a separating sphere S 0 = φ −1 S (S std ) given by the lemma above. Then S 0 bounds two 3-balls B 1 and B 2 , which are contactomorphic to B std via φ 1 and φ 2 . We may assume that φ i and φ S coincide on B i ∩ N (S). Therefore φ i (L ∩ B i ) satisfies the conditions for the Legendrian tangle.
We define two Legendrian singular links L i as closures of tangles φ i (L ∩ B i ), or equivalently,
where −∂φ S = (− xy • φ S ) : S 0 → S std is a composition of φ S and − xy , and it maps σ(L, S 0 ) to −σ(I x ∪ I y , 0).
Proof. This follows obviously from the well-definedness of the singular connected sum.
We prove Theorem 1.2, the well-definedness of the singular connected sum decomposition up to order-preserving contact isotopy.
Proof of Theorem 1.2. Let S and S be separating spheres of L which are orderpreserving contact isotopic. We choose S 0 and S 0 as before and obtain the singular connected summands L i and L i by using S 0 and S 0 . Then it suffices to show that L i = L i . There are two parts where the ambiguities can occur, but we may assume that S = S 0 and S = S 0 . In other words, both φ S (S) and φ S (S ) are S std . Let H t be the order-preserving contact isotopy between S and S , and let B i be two 3-balls that S bounds. Then without loss of generality, we may assume that S and S are disjoint and bound a subspace diffeomorphic to S 2 × I, by dividing the interval I = [0, 1] and by the convexity of H t (S) for all t, see [Ge, Lemma 4.12.3 (ii) ].
Therefore there is a contact embedding ι : S 2 × I → S 3 such that ι 0 (S 2 ) = S and ι 1 (S 2 ) = S , and induce the isomorphisms between characteristic foliations. Hence B 1 ι0 (S 2 × I) = B 1 and (S 2 × I) ι1 B 2 = B 2 . Moreover, it is obvious that ι −1 (L) is Legendrian in S 2 × I and the order σ(ι −1 (L), S 2 × {t}) is well-defined for all t.
Then we consider the singular Legendrian link L S,S defined by
Lemma 4.6. The singular Legendrian link L S,S is the same as L .
Proof. It suffices to show that L S,S lies in a sphere whose characteristic foliations are standard. We construct such a sphere S S,S as follows.
Choose two standard discs D 1 , D 2 containing I x ∪ I y 's in the standard neighborhood of two singular points in L S,S . Then the characteristic foliation on each D i has exactly one singularity, which is elliptic. Since the order σ(ι −1 (L), S × {t}) is well-defined for each t ∈ [0, 1], there exists a circle S 1 t ⊂ S×{t} which is transverse to foliations on S × {t} and passes through four intersection points ι −1 (L) ∩ (S 2 × {t}). We may choose a family S 1 t of circles as varying smoothly by t. Hence it defines an annulus A whose characteristic foliations has no singularity by definition, and we obtain the desired sphere S S,S by gluing two discs D 1 , D 2 .
This lemma directly implies that
Similarly, we have L 2 = L 2 by the same argument, and Theorem 1.2 is proved.
Recall that for K ∈ SK, the existence of an embedded sphere S with |K ∩ S| = 0 or 2 ensures that K can be decomposed into K i 's via the disjoint union or the usual connected sum, respectively. For L ∈ LSK, we can decompose L further via a separating sphere S with well-defined σ(L, S).
Remark 4.7. One may ask whether similar notions of the singular connected sum and decomposition are possible in more general settings such as SK or 4-valent graphs.
In the case of SK, the singular connected sum is not well-defined. Because of the lack of order there are two possibilities. The singular connected sum decomposition in SK, however, has as many possibilities as the mapping classes of S 2 with 4-marked points.
On the contrary, the decomposition for a 4-valent graph is well-defined as in [M] , since the flexibility of vertices excludes ambiguities. A corresponding operation to the singular connected sum of 4-valent graphs also has the same ambiguities as the mapping classes of S 2 with 4-marked points.
5. Diagrammatic interpretations of singular connected sum 5.1. Tangle representatives. A Legendrian singular tangle T is an oriented Legendrian immersion
such that T has only double point singularities in the interior and intersects ∂B std perpendicularly at {0 x , 0 y , −0 x , −0 y } matching the orientation with x and y-axes. Then the (singular) closure T ∈ LSK of T is obtained by
where φ is a diffeomorphism on S std preserving the characteristic foliation such that
as before. See Figure 19 for a pictorial definition of a tangle closure. Figure 19 . A Legendrian Tangle T and its closure T
T = T
We say that two tangles T 1 and T 2 are equivalent if they are contact isotopic relative to their boundaries, or equivalently, the two pairs ( T 1 , 0) and ( T 2 , 0) are contact isotopic. Similar to the front projection of a singular point, we obtain four front projections π F (T ) of a tangle according to the local pictures near 0 as depicted in Figure 1 . Intuitively, these also correspond to the ways in which the tangles are projected. Figure 20 shows the corresponding projections. It is obvious that if two front projections of tangles are connected by a sequence of Reidemeister moves (I) ∼ (VI), then they are equivalent. However all Reidemeister moves preserve the orientation at the boundary of tangle, so we need a global move (VI T ) as depicted in Figure 21 , which changes the way of the projection and therefore the configuration at the boundary. In the closure T , this move is nothing but a Reidemeister move (VI) at 0. Note that 0 ∈ B std is a singular point of T produced by the closure, and T can be isotoped so that T becomes arbitrarily small. This means that T can be isotoped into a union of L and a small neighborhood B ∞ of a singular point ∞ ∈ L . In Figure 17 , the xy-plane in the first figure corresponds to the dotted line in the second figure. There is a contact isotopy between second and third front projections which maps the horizontal dotted line to the vertical dotted line. Thus by this isotopy, the small ball B ∞ containing T is transformed to a neighborhood of ∞ in the each diagrams.
Similarly, since two singular points {0, ∞} in L are equivalent in the sense that there is an contact isotopy interchanging those points, we may also change the role of given tangle T and singular point 0 in T . Therefore by Lemma 5.2, T has two special types of front projections, called left and right normal forms at 0, as depicted in Figure 22 . We can also consider left and right normal forms for each front projection of T depicted in Figure 20 .
Here are the relationships between singular and regular closures of given tangle. The regular closures D (T ) and N ± (T ) of T in the front projection are as depicted in Figure 23 . Note that these closures are mimics of the denominator and numerator q) ) of singular connected sum of (L 1 , p) and (L 2 , q) is the diagrammatic concatenation of the left part of (L 1 , p) and the right part of the (L 2 , q) as depicted in Figure 25 . Note that the above diagrammatic gluing of the pair of nearby points coincides with the condition σ(L 1 , p) = −σ(L 2 , q). For the reader's convenience we provide an abstract diagram for the singular connected sum in R 3 in Figure 26 . 
The behaviour of the classical invariants tb and r under the singular connected sum are as follows.
Obviously, the set of singular points after a singular connected sum is as follows.
5.3. Tangle sums. We define an operation called the tangle sum as follows. It is essentially same as the singular connected sum but is easier to describe. Indeed, normal forms are not necessary.
Definition 5.3. Let L ∈ LSK, p ∈ P(L), and T be a Legendrian tangle. The tangle sum (L, p), T of L and T is defined as the singular connected sum (L, p) ⊗ ( T , 0).
Then in a diagrammatic view, this is nothing but the replacement of a small neighborhood of p in L with the given tangle T with the obvious matching condition at the boundary. Note that there is no problem in realizing the resulting diagram as a Legendrian singular link since we can make T sufficiently small. Moreover the diagrammatic replacement is valid for both the front and the Lagrangian projections. See Figure 27 . , T = T Figure 27 . A tangle sum of Legendrian singular link L and a tangle T Moreover, the resolutions R ± , R 0 , can be interpreted as special cases of tangle sums, described below
Equivalently, by Figure 23 , we have the dual descriptions of resolutions as follows.
In general, for each tangle T , a tangle sum −, T gives us an operation on Legendrian singular links which may be used to produce new invariants and to distinguish Legendrian singular links which are indistinguishable even by the Legendrian singular link types of all resolutions.
6. Applications 6.1. Proof of Theorem 1.3. Now we are ready to use the singular connected sum to distinguish two Legendrian singular links described in Example 4.
Suppose L e and −L e are same in LSK. Let p, q be the singular points of L e and −L e respectively. Then any isotopy between them should map p to q. Hence by the well-definedness of the singular connected sum, two singular connected sums
First, we choose L of degree one as follows. Beside, we can interpret the above resulting diagrams in terms of the tangle sum. Let us consider a tangle T satisfying ( T , 0) = (L, * ) as follows.
Finally, the tangle summed Legendrian knots are given as follows.
The topological knot types of the resulting Legendrian knots are same as m(6 1 ). But their Poincaré-Chekanov polynomials, introduced in [Ch] , are known to be different.
Hence the resulting Legendrian knots are not the same in LK, and therefore L e = −L e in LSK which proves Theorem 1.3. In other words, the singular knot type L e is {R m }-nonsimple.
6.2. Doubles in LSK and Legendrian contact homology. For a given L ∈ LSK, by virtue of the singular connected sum, we also have a Legendrian link from L not obtained by the resolutions nor by a specific tangle choice.
Let B pi be the standard neighborhood of p i and φ i : (∂B pi , σ(L, p i )) → (∂B pi , −σ(L, p i )) be the gluing map defined as before. Now we introduce a multiple singular connected sum as follows. Consider two copies of S 3 \ ( iB pi ). Then we obtain # k−1 (S 2 × S 1 ) by gluing them via the map φ = i φ i which admits the unique tight contact structure. The Legendrian link
is called a double of L. By the construction, D(L) has no singular points while the ambient contact manifold becomes a bit complicated. Recently a combinatorial description of the Legendrian contact homology algebra (DGA) of Legendrian links in # m (S 2 ×S 1 ) were developed in [EN] . So we can assign an algebraic invariant, the DGA of D(L), to L. It would be interesting to investigate the relation between the DGA of D(L) and the DGAs of its resolutions R(L).
Especially when L is of degree one, we still have D(L) in (S 3 , ξ std ). So we can use the ordinary Legendrian link invariants to study L. As an example, the Legendrian singular knot L e depicted in Figure 16 has the following front diagram in Figure 28 which can be obtained by concatenating the front diagram of L e with itself. One can check that D(L e ) is Legendrian isotopic to D(−L e ).
6.3. Splicing. Another operation we can consider is η-splicing (L 1 , p 1 ) * η (L 2 , p 2 ) of two Legendrian singular links L 1 and L 2 at regular points p 1 and p 2 for each η ∈ {+, −, 0}.
As mentioned before, the (−η)-resolution of L η at the singular point 0 gives a canonically ordered pair of Legendrian unknots L ,x and L ,y whose labels come 
Indeed, all splicings are defined via connected sums and are therefore defined on SK as well.
It is important to note that the splicing operation is not commutative in general. More precisely, this is because the triple (L η , 0 x , 0 y ) is not the same as (L η , 0 y , 0 x ). Indeed, (L 2 , p 2 ) * η (L 1 , p 1 ) is obtained from (L 1 , p 1 ) * η (L 2 , p 2 ) by performing the flip operation exactly once, and so they share many invariants such as (i) the classical invariants: SK type, tb and r; and (ii) Legendrian link types of resolutions R. As shown in Example 1, even the two splicings (− * 0 L ) and (L * 0 −) with the Legendrian unknot L are different in general. We call them positive and negative singular stabilization and denote them by SS ± (L, p). The precise definitions are shown in Figure 30 . Topologically, these operations add a singular kink at p. We remark that singular stabilizations interpolate Legendrian links between given Legendrian singular links and their transverse stabilizations via (+) and (−)-resolutions.
Moreover, by definition, the 0-resolution R 0 ((L 1 , p 1 ) * 0 (L 2 , p 2 ), 0) is a disjoint union L 1 L 2 , and the (+)-resolution R + ((L 1 , p 1 ) * 0 (L 2 , p 2 ), 0) is precisely a regular connected sum (L 1 , p 1 )#(L 2 , p 2 ). Hence a 0-splicing may be regarded as an intermediate state between the disjoint union and the connected sum.
On the other hand, η-splicings act like the inverses for the enhanced (−η)-resolutions R m −η as follows. Let L ∈ LSK and p ∈ P(L). Suppose R −η (L, p) is a split link of 2-components for some η ∈ {+, −, 0}. Then there is a sphere S separating the components of R −η (L, p). Let S 1 and S 2 be parallel copies of S. By perturbing the S i 's, we may assume that S i intersects L at 2 nearby points of p, and the arcs of L contained between the S i 's are precisely those in the standard neighborhood. The separating spheres S 1 and S 2 can be used to decompose L into 3 connected summands, which coincide with those in the definition of η-splicing. Therefore L is a η-splicing of two components of R −η (L, p) with the order coming from σ(L, p).
Conversely, let L = (L 1 , p 1 ) * η (L 2 , p 2 ) for some η ∈ {+, −, 0}. Then we have R −η (L) = L 1 L 2 , and lose the order of the splicing. However, the marking gives a label on each component of L 1 L 2 , which is equivalent to σ(L, 0), and we can recover L from the L i 's by using this order. Hence the enhanced (−η)-resolution R m −η is the inverse of * η in both directions. In summary, we have the following theorem.
Theorem 6.1. Let K 1 and K 2 be two singular links and p 1 and p 2 be regular points of K 1 and K 2 , respectively. Then for each η ∈ {+, −, 0}, the map * η :
is bijective.
Note that when K 1 = K 2 , then the union above is not disjoint. As a corollary, we have the following theorem.
Theorem 6.2. Let K 1 , K 2 ∈ SK be {f 1 , . . . , f k }-simple and p i ∈ K i be a nonsingular point. Then (K 1 , p 1 ) * η (K 2 , p 2 ) is {f 1 (R m −η ), . . . , f k (R m −η )}-simple. The proof is obvious from the above discussion, and we omit the proof. 
